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ISOPERIMETRIC INEQUALITIES FOR SUBMANIFOLDS IN AN AMBIENT
MANIFOLD WITH BOUNDED CURVATURE
VICENT GIMENO
ABSTRACT. In this paper we provide an extension to the Jellett-Minkowski’s formula for
immersed submanifolds into ambient manifolds which possesses a pole and radial cur-
vatures bounded from above or below by the radial sectional curvatures of a rotationally
symmetric model space. Using this Jellett-Minkowski’s generalized formula we can fo-
cus on several isoperimetric problems. More precisely, on lower bounds for isoperimetric
quotients of any precompact domain with smooth boundary, or on the isoperimetric profile
of the submanifold and its modified volume. In the particular case of a model space with
strictly decreasing radial curvatures, an Aleksandrov type theorem is provided.
1. INTRODUCTION
Given a precompact domain Ω ⊂ P with smooth boundary ∂Ω in a m−dimensional
submanifold Pm of the Euclidean space Rn, by the Jellett formula one obtains (see [Jel53,
Cha93, Cha78])
(1.1) mV(Ω) +
∫
Ω
〈τ,H〉dV =
∫
∂Ω
〈τ, ν〉dA ,
where τ is the vector position in Rn, V (Ω) is the volume of Ω, ν is the unit normal vector
pointed outward to ∂Ω and, dV and dA are the induced Riemannian volume and area
densities on Ω and ∂Ω respectively.
The so-called Minkowski formula (see for instance [MR09, Formula A in Theorem
6.11]) follows from the above formula for the particular case of a closed m-dimensional
submanifold S immersed in Rn :
(1.2) mV (S) +
∫
S
〈τ,H〉dV = 0 .
Making use of this formula, Jellett [Jel53] proved in the middle of the nineteenth century
that a star-shaped constant mean curvature surface S ⊂ R3 is a round sphere (see [BS09]
for an extension of results in this direction). In 1956 A. D Aleksandrov [Ale56] improved
that result asserting that any closed, embedded hypersurface in Rn with constant mean
curvature is a round sphere.
In this paper we provide an extension of the Jellett-Minkowski’s formula (1.1) into a
more general setting. Our setting will be a m-dimensional submanifold Pm immersed in
a n-dimensional ambient manifold (N, o) with a pole o and radial curvatures KN (see §3)
bounded from above or below by the radial sectional curvatures of a rotationally symmetric
model space Mnw = R+ × Sn−11 ∪ {ow}, with center point ow and warped metric tensor
gMnw constructed using the positive and increasing warping functionw : R
+ → R+ in such
a way that gMnw = dr
2 +w(r)2gSn−11
(see §2.1 for precise definition and for the conditions
that w should attain in order to Mnw have smooth metric tensor gMnw around r = 0). By the
Jellet-Minkowski generalized formula we can obtain -among other results- an Aleksandrov
type theorem for rotationally symmetric model manifolds.
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2 VICENT GIMENO
The first step to generalize the Jellett-Minkowski’s formula is to define a generalized
w-vector position τw using the gradient∇Nr of the distance function r to the pole o in the
ambient manifold N
(1.3) τw :=
w
w′
∇Nr .
Our second steep is to define a weighted densities dµw and dσw on the submanifold using
the warping function w and the induced Riemannian densities dV and dA
(1.4)
dµw := w
′(r)dV ,
dσw := w
′(r)dA .
Using the weighted densities dµw and dσw for any domain Ω with smooth boundary
∂Ω we can define the w-weighted volume µw(Ω) and the w-weighted area σw(∂Ω)
(1.5)
µw(Ω) :=
∫
Ω
dµw ,
σw(∂Ω) :=
∫
∂Ω
dσw .
With these previous definitions we can state following Jellett-Minkowski’s generalized
formula
Main Theorem (Jellett-Minkowski’s generalized formula). Let ϕ : Pm → Nn be an
immersion into a n−dimensional ambient manifoldN which possesses a pole and its radial
sectional curvatures KN at any point p ∈ N are bounded by above (or below ) by the
radial curvatures Kw of a model space Mnw
KN (p) ≤ KMnw (r (p)) = −
w′′
w
(r (p))
(
respectively KN (p) ≥ −w
′′
w
(r (p))
)
.
Suppose moreover, thatw′ > 0 . Then for any precompact domain Ω with smooth boundary
∂Ω
(1.6) mµw(Ω) +
∫
Ω
〈τw, H〉dµw ≤ (≥)
∫
∂Ω
〈τw, ν〉dσw ,
where τw is the generalized w-vector position, µw(Ω) is the w-weighted volume of Ω, dµw
and dσw are the w-weighted densities, and ν is the unit normal vector to ∂Ω.
Remark a. Observe since w is a positive increasing function expressions (1.3), (1.4) (1.5)
are well defined. In the particular case when w(r) = r one obtains
(1.7)
dµw = dV µw(Ω) = V (Ω)
dσw = dA σw(∂Ω) = A(∂Ω) ,
and (1.6) in the above theorem becomes the same expression than in (1.1) but instead of an
equality, one obtains an inequality.
Remark b. Recall that given an isometric immersion ϕ : (P, gP ) → (N, gN ) and the
Levi-Civita connections ∇N , ∇P over N and P respectively, the second fundamental
form BP (X,Y ) for any two vector fields X and Y of P is
BP (X,Y ) = ∇NXY −∇PXY .
In this paper we use the following convention to define the mean curvature vector
H := trg(BP ) .
Observe that we do not divide by the dimension of the submanifold.
Remark c. In the particular case when the ambient manifold is a model space inequality
(1.6) becomes an equality (see [Bre13]) and we can rededuce the formula [Bre13, equation
(6)]
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The structure of the paper is as follows.
In §2 we explore the application of the above Jellett-Minkowski’s generalized formula
obtaining:
(1) In the particular case in which the ambient manifold is a model space, we obtain
an equality in the generalized Jellett-Minkowski formula. That allow us to provide
a slight new Aleksandrov type theorem (theorem 2.5) for rotationally symmetric
model spaces in the line of [Bre13] and to study its application to the isoperimetric
problem.
(2) The relation of the Jellett-Minkowski formula to the k-isoperimetric quotients.
(3) Bounds for the isoperimetric profile of isometric immersions into a geodesic ball
in a Cartan-Hadamard in terms of the total mean curvature of the submanifolds
and its conformal type.
(4) A gap result for the modified volume of complete non-compact manifolds into a
Cartan-Hadamard ambient manifold.
(5) Finally, for minimal immersions, in corollary 2.18 - that is an extension of [CG92,
theorem 4] - , we provide w−modified isoperimetric inequalities.
In §3 we recall previous results due to the Hessian comparison of the extrinsic distance
function in order to in §4,§5,§6, §7, §8, §9, §10, §11, §12 prove the main theorem, the
Aleksandrov type theorem (theorem 2.5) and corollaries 2.2, 2.3, 2.7, 2.8, 2.10, 2.11, 2.15,
2.17 and 2.18.
2. APPLICATIONS OF THE JELLETT-MINKOWSKI’S GENERALIZED FORMULA
2.1. Aleksandrov type theorem onw−model spaces. The Jellet-Minkowski generalized
formula becomes an equality in the case of an immersion into a w−model space. Model
spaces or also called w−Model spaces or rotationally symmetric model spaces, are gen-
eralized manifolds of revolution using warped products. Let us recall here the following
definition of a model space.
Definition 2.1 (See [GW79, Gri99, Gri09]). A w−model space Mnw is a simply connected
n-dimensional smooth manifold Mnw with a point ow ∈ Mnw called the center point of
the model space such that Mnw − {ow} is isometric to a smooth warped product with
base B1 = ( 0, Λ) ⊂ R (where 0 < Λ ≤ ∞ ), fiber Fn−1 = Sn−11 (i.e. the unit
(n − 1)−sphere with standard metric), and positive warping function w : [ 0, Λ ) → R+.
Namely:
(2.1) gMnw = pi
∗ (g( 0,Λ))+ (w ◦ pi)2σ∗ (gSn−11 ) ,
being pi : Mnw → ( 0, Λ) and σ : Mnw → Sn−11 the projections onto the factors of the
warped product.
Despite of the freedom in the choose of thew function in the above definition there exist
certain restrictions around r → 0. In order to attain Mnw a smooth metric tensor around ow
the positive warping function w should hold the following equalities (see [GW79, Pet98])
:
(2.2)
w(0) = 0 ,
w′(0) = 1 ,
w(2k)(0) = 0 ,
where w(2k)(r) are the even derivatives of w.
The parameter Λ in the above definition is called the radius of the model space. If
Λ =∞, then ow is a pole of Mnw.
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The expression of the metric tensor (2.1) is often written as gMnw = dr
2 + (w(r))
2
dΘ2,
where dΘ2 denotes the standard metric on Sn−11 ( dΘ
2 = gSn−11
). The usual examples of
model spaces are the real space forms
Remark d. The simply connected space forms Km(b) of constant curvature b can be
constructed as w−models with any given point as center point using the warping functions
(2.3) w(r) = wb(r) =

1√
b
sin(
√
b r) if b > 0
r if b = 0
1√−b sinh(
√−b r) if b < 0 .
Note that for b > 0 the function wb(r) admits a smooth extension to r = pi/
√
b. For b ≤ 0
any center point is a pole.
Applying now the generalized Jellett-Minkowski formula on embedded hypersurfaces
Σ in a model space bounding a domain Ω we can state
Corollary 2.2. Let Mnw be a w−model space with positive warping function w and pos-
itive derivative w′ on (0,Λ) being Λ the radius of the model space. Then for any closed,
embedded, orientable hypersurface Σ bounding a domain Ω
(2.4)
σw(Σ)
µw(Ω)
≥ 1
n supΣ(|τw|)
.
Recall that a constant mean curvature hypersurface is a hypersurface Σ with constant
pointed inward mean curvature h :
h = −〈H, ν〉 = constant on Σ ,
being ν the unit normal outward vector to Σ.
For constant mean curvatures hypersurfaces using the generalized Jellett-Minkowski
formula we obtain
Corollary 2.3. Let Mnw be a w−model space with positive warping function w and pos-
itive derivative w′ on (0,Λ) being Λ the radius of the model space. Then for any closed,
embedded, orientable hypersurface Σ with constant mean curvature bounding a domain Ω
(2.5) h =
(n− 1)
n
σw(Σ)
µw(Ω)
.
Remark e. Observe that the above stated constant mean curvature hypersurfaces are mean
convex hypersurfaces (h > 0).
Given a point p ∈ Mnw − {ow} in a model space Mnw the distance r to the center point
ow is given by r(p) = pi(p). A 2-plane Πradial in TpMnw is a radial plane if it contains the
radial direction (∇r ∈ Πradial) and a 2-plane Πfiber is a tangent to the fiber plane if it is
perpendicular to the radial direction (Πfiber ⊥ ∇r). The sectional curvatures of the radial
or tangent to the fibers planes depends only on the distance to the center of the model space
(see proposition 3.2).
For model spaces with an accurate control of the sectional curvatures of the radial and
tangent to the fiber planes. We obtain the following Aleksandrov type theorem
Theorem 2.4 (From Theorem 1.4 of [Bre13]). Let (Mnw, ow) be a w−model space with
center ow, positive warping function w and positive derivative w′ on (0,Λ) being Λ the
radius of the model space. Suppose moreover that the sectional curvaturesKΠfiber of planes
tangents to the fiber and the radial sectional currvatures KΠrad satisfies the following rela-
tion
(2.6) KΠfiber ≥ KΠrad .
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Then, if the radial sectional curvature is a monotone function non increasing on the dis-
tance to the center of the model ( ddrKΠrad ≤ 0), every closed, embedded, orientable hyper-
surface Σ with constant mean curvature bounding a domain Ω is an umbilic submanifold.
In the particular case when KΠfiber > KΠrad and
d
drKΠrad ≤ 0, every closed, embedded,
orientable hypersurface Σ with constant mean curvature bounding a domain Ω is a sphere
centered at ow.
Proof. By proposition 3.2
(2.7)
d
dr
KΠrad =
(
−w
′′
w
)′
=
w′
w
(
−w
′′′
w′
+
w′′
w
)
.
Assuming the positivity of w′, we obtain that inequality (2.6) and the condition ddrKΠrad ≤
0 are attained if and only if the warping function satisfies
(2.8)
1
w2
−
(
w′
w
)2
≥ −w
′′
w
≥ −w
′′′
w′
.
And that implies the condition H3’ of [Bre13, Theorem 1.4]. Finally, the condition
(2.9) KΠfiber > KΠrad
is equivalent to condition H4’. 
Following the proof of the Theorem 1.4 of [Bre13] we can state the following sligth
modifiqued theorem
Theorem 2.5 (Aleksandrov type theorem). Let (Mnw, ow) be aw−model space with center
ow, positive warping function w and positive derivative w′ on (0,Λ) being Λ the radius of
the model space. Suppose moreover that the sectional curvatures KΠfiber of planes tangents
to the fiber and the radial sectional currvatures KΠrad satisfies the following relation
(2.10) KΠfiber ≥ KΠrad .
Then:
(1) If the radial sectional curvature is a monotone function non increasing on the dis-
tance to the center of the model ( ddrKΠrad ≤ 0), every closed, embedded, orientable
hypersurface Σ with constant mean curvature bounding a domain Ω is an umbilic
submanifold. In the particular case when KΠfiber > KΠrad and
d
drKΠrad ≤ 0, ev-
ery closed, embedded, orientable hypersurface Σ with constant mean curvature
bounding a domain Ω is a sphere centered at ow.
(2) If the radial sectional curvature is a strictly decreasing function on the distance
to the center of the model ( ddrKΠrad < 0), every closed, embedded, orientable
hypersurface Σ with constant mean curvature bounding a domain Ω is a sphere
centered at ow.
Remark f. Observe that in the above theorem the new item (2) ( ddrKΠrad < 0) implies (by
proposition 3.2)
(2.11)
1
w2
−
(
w′
w
)2
≥ −w
′′
w
> −w
′′′
w′
.
An example of a model space satisfying the Hypotheses of the above theorem is a gen-
eralized paraboloid
Example 2.6 (Generalized paraboloids). The usual parabolid P in R3
P = {(x, y, z) ∈ R3 | z = x2 + y2}
can be obtained as a surface of revolution with metric tensor
gP = dr
2 +
(
1
2
arcsinh(2r)
)2
dθ2.
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In this way, we define the generalized paraboloid as a n−dimensional model space Mnw
with warping function
w(r) =
1
2
arcsinh(2r).
After a few calculation one can check that
(2.12)
1
w2
−
(
w′
w
)2
≥ −w
′′
w
> −w
′′′
w′
.
Hence, the closed, embedded, orientable and constant mean curvature hypersurfaces in the
generalized paraboloid are spheres centered at the center of the model.
The above theorem allow us to focus on the isoperimetric problem in such model spaces.
The isoperimetric problem in a Riemannian manifold M consists in studying, among the
compact hypersurfaces Σ ⊂ M enclosing a region Ω of volume V(Ω) = v, those which
minimize the area A(Σ). For a given volume v, an isoperimetric region is a region of
volume v and with minimum area on the boundary. Using [Ros05, Theorem 1.1] we know
that if the Mn is compact the isoperimetric problem has solution and moreover for n ≤ 7
the isoperimetric hypersurface (the boundary of the isoperimetric region) is smooth and
with constant mean curvature. Therefore,
Corollary 2.7. Let (Mnw, ow) be a w−model space with center ow, dimension n ≤ 7,
positive warping function w and positive derivative w′ on (0,Λ) being Λ the radius of the
model space. Suppose moreover that the sectional curvatures KΠfiber of planes tangents to
the fiber and the radial sectional currvatures KΠrad satisfies the following relation
(2.13) KΠfiber ≥ KΠrad .
Suppose moreover that the radial sectional curvature is a strictly decreasing function on
the distance to the center of the model ( ddrKΠrad < 0) and Λ <∞. Then the isoperimetric
regions are geodesic balls centered at ow.
Remark g. Let us emphasize here, that by [HHM99, theorem 9.1] the unique length-
minimizing simple closed curve enclosing a given area is a circle centered at the origin
for any plane with smooth, rotationally symmetric, complete metric such that the Gauss
curvature is a strictly decreasing function from the origin. Hence, the above corollary is a
(partial) generalization on the case of dimension greater than 2. See also [BM02, corollary
2.4] and [MM09, corollary 2.3].
Given a domain Ω of volume V(Ω), denoting by ωn−1 the volume of the standard sphere
Sn−11 and using the following function Rad : R+ → R+
(2.14) v → Rad(v) such that v = ωn−1
∫ Rad(v)
0
wn−1(t)dt,
we obtain by the expression of the volume of a geodesic ball BwR centered at ow (see
equation (3.8))
(2.15) V(Ω) = V(BwRad(V(Ω))).
Therefore, taking into account and the area of a geodesic sphere SwR of radiusR centered
at ow in a model space (see equation (3.7) ), under the hypotheses of corollary 2.7 for
any hypersurface Σ bounding a domain Ω of volume V (Ω) = v, we have the following
isoperimetric inequality:
(2.16) A(Σ) ≥ ωn−1w(Rad(v))n−1 = A(SwRad(v)).
Isoperimetric inequalities have several applications, among them, the above inequality
allow us to obtain an isoperimetric inequality for the first eigenvalue of the Laplacian for
the Dirichlet problem (see [Cha84] for details).
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Corollary 2.8. Under the hypotheses of corollary 2.7 suppose moreover that the function
(2.17) I : R+ → R+, t→ I(t) = ωn−1w(Rad(t))
n−1
t
is an non-increasing function. Then, for any precompact domain Ω ⊂ Mnw with smooth
boundary ∂Ω and volume V(Ω) = v, the first eigenvalue of the Laplacian for the Dirichlet
problem λ1(Ω) is bounded from below by
(2.18) λ1(Ω) ≥ 1
4
[I (v)]2 .
2.2. Isoperimetric inequalities and the Jellett-Minkowski formula. In the setting of
a controlled radial curvature ambient manifold with a pole, and certain restrictions on the
mean curvature of the submanifold, the generalized Jellett-Minkowski formula is enough to
get isoperimetric inequalities (lower bounds to the isoperimetric profile) or to characterize
the k-isoperimetric quotient of a domain in the submanifold. The k−isoperimetric quotient
is defined as follows
Definition 2.9 (See also [CF91, Cha93]). Given a domain Ω with smooth boundary ∂Ω,
the w-weighted k-isoperimetric quotient Iwk (Ω) is given by
(2.19) Iwk (Ω) :=
σw(∂Ω)
µw(Ω)
k−1
k
,
where µw(Ω) and σw(∂Ω) are the w-weighted volume and w-weighted area respectively.
To recall the definition of the isoperimetric profile in a Riemannian manifold M , let us
denote byOM the set of relatively compact open subsets ofM with smooth boundary. The
isoperimetric profile IM is a function IM : [0,Vol(M)]→ R+ such that
(2.20) IM (v) :=
{
0 if v = 0
infΩ∈OM {A(∂Ω) : V(Ω) = v}
In this subsection we will examine under appropriate settings the relation between the
Jellett-Minkowski’s generalized formula and the k−isoperimetric quotients, the isoperi-
metric profile, and the modified volume of a submanifold.
2.2.1. Lower bounds to the k-isoperimetric quotient of a domain. The next application
of the generalized Jellett-Minkowski formula will be to obtain lower bounds to the k-
isoperimetric profile of a precompact domain with smooth boundary. Hence, as a direct
consequence of theorem 1 and the Ho¨lder’s inequality we can state
Corollary 2.10. Let ϕ : Pm → Nn be an immersion into a n−dimensional ambient
manifold N which possesses a pole and its radial sectional curvatures KN at any point
p ∈ N are bounded by above by the radial curvatures Kw of a model space Mnw
KN (p) ≤ Kw (r (p)) = −w
′′
w
(r (p)) .
Suppose moreover, thatw′ > 0 . Then for any precompact domain Ω with smooth boundary
∂Ω
(2.21) Iwk (Ω) ≥
m
supΩ |τw|
µw(Ω)
1/k −
(∫
Ω
|H|kdµw
)1/k
.
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2.2.2. Immersions into a geodesic ball. Isoperimetric profile, total mean curvature and
Parabolicity. Applying corollary 2.10 to the special setting of an immersion into a geo-
desic ball in a Cartan-Hadamard ambient manifold we obtain the following corollary for
the isoperimetric profile.
Corollary 2.11. Let ϕ : Pm → BNR (o) be an complete immersion into a geodesic ball
BNR (o) of radius R centered in o ∈ N in a Cartan-Hadamart ambient manifold N with
sectional curvatures KN ≤ 0 bounded from above. Suppose that the submanifold has
finite k-norm of the mean curvature, namely,
∫
P
|H|kdV < ∞, for some k > 1. Then the
isoperimetric profile is bounded from below by
(2.22) IP (v) ≥
(
mv1/k
R
−
(∫
P
|H|kdV
)1/k)
v
k−1
k ,
where dV is the Riemannian density in P .
Remark h. The existence of isometric and complete immersions into a ball in in a Cartan-
Hadamard is out of any doubt. In fact, by the celebrated Nash’s imbedding theorem
[Nas56], any Riemannian n-manifold with a C∞ positive metric has a C∞ isometric
imbedding in 12 (n + 1)(3n + 1)-dimensional Euclidean space, and in fact, in any small
portion of this space (as for instance a geodesic ball of this space).
The existence of immersions with finite integral of the norm of the mean curvature is
also well known (at least in the limit case H = 0). In [MM05, MM06] F. Martı´n and S.
Morales in -according to S.T Yau- highly non-trivial refinement of a Nadirashvili’s method
[Nad96] constructed a complete minimal immersion of a 2-dimensional disc into every
open convex set of R3.
Remark i. From corollary 2.10 applying as a warping function w(r) = r we can deduce
that if we have a submanifold P immersed in a ball BNR (o) of radius R centered at o ∈ N
in a Cartan-Hadamard ambient manifold N with norm of the mean curvature vector |H|
bounded from above by
(2.23) |H| ≤ m
R
,
for 0 <  < 1, the isoperimetric quotients are bounded from below by
(2.24) Ik(Ω) ≥ m(1− )
R
V(Ω)1/k ,
for any k > 1. But that implies
(2.25)
A(∂Ω)
V(Ω)
≥ m(1− )
R
,
and therefore P has positive Cheeger constant, positive fundamental tone and P is Hyper-
bolic (see [Gri99] for the relation of positive fundamental tone and non-parabolicity).
Hence, the mean curvature of an isometric immersion into a geodesic ball of a Cartan-
Hadamard manifold is closely related to the conformal type problem.
The geodesic balls are the isoperimetric domains in the Euclidean space. Therefore, in
the n-dimensional Euclidean space, the isoperimetric profile is given by
(2.26) IRn(v) = Cnv
n−1
n .
Applying corollary 2.11, proving by contradiction, we can easily state that for any immer-
sion of Rn into a ball BRn+kR of Rn+k,
∫
Rn |H|ndV =∞. In general
Corollary 2.12. Let ϕ : Pm → BNR (o) be an complete immersion into a geodesic ball
BNR (o) of radius R centered in o ∈ N in a Cartan-Hadamart ambient manifold N with
sectional curvatures KN ≤ 0 bounded from above.
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Suppose that for some k > 1 there exist a constantCk such that the isoperimetric profile
is bounded from above by
(2.27) IP (v) ≤ Ckv
k−1
k .
Then, either
(2.28)
∫
P
|H|kdV =∞ .
or
(2.29) V(P ) ≤
Ck + (∫P |H|kdV) 1k
m
k Rk .
If moreover the submanifold has the non-shrinking property (see definition below) we
can state further geometric and analytic properties
Definition 2.13 (Non-shrinking property). A manifold M of infinite volume has the non-
shrinking property if for any v > 0 there exist Rv such that
(2.30) inf
x∈M
V(BMRv (x)) ≥ v .
Let us emphasize here, that there exist well known manifolds with that property
Example 2.14 (Non-shrinking manifolds). The most elemental example of a manifold
with non-shrinking property is Rn. Since given a point x ∈ Rn the volume V (BR(x)) of
a geodesic ball of radius R centered at x is an increasing function of R, for any v > 0 one
can easily found Rv such that V (BRv (x)) > v, and by the homogeneity of Rn we obtain
the non-shrinking property. The same is true for the hyperbolic space Hn, and in general
for any Cartan-Hadamard manifold.
Using that non-shrinking property we can state that
Corollary 2.15. Under the assumptions of corollary 2.11, suppose moreover that P has
non-shrinking property. Then
(1) For any point x ∈ P the geodesic balls of P , BPR(x), of radius R centered at x
satisfies
(2.31) lim inf
R→∞
R−kV(BPR(x)) > 0,
(2) If moreover k > 2, P possesses a positive Green’s function (or equivalently, it has
transient Brownian motion).
As a reverse of the above corollary we can state
Corollary 2.16. Let ϕ : Pm → BNR (0) be an isometric immersion of a parabolic sub-
manifold P into the ball BNR (o) of radius R centered at o ∈ N in a Cartan-Hadamard
manifold N . Then:
(1) or, for any k > 2 ∫
P
|H|kdV =∞ .
(2) Or, P has not the non-shrinking property.
By the above corollary any immersion of a parabolic manifold with non-positive sec-
tional curvature into a geodesic ball of a Cartan-Hadamard manifold has infinite norm of
its mean curvature vector.
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2.2.3. The volume of complete non-compact submanifolds into a Cartan-Hadamard ambi-
ent space. In [CMV12] unifying results from [CL98, DCWX10, Fre96, FX10] is proved
that given an isometric immersion ϕ : P → N of a complete non-compact manifold P in
a manifoldN with bounded geometry (i.e., N has sectional curvature bounded from above
and injectivity radius bounded from below by a positive constant), if any end E of P has
finite Lp-norm of the mean curvature vector of ϕ, ‖H‖Lp(E) <∞, for some m ≤ p ≤ ∞
then E must have infinite volume.
Note that p ≥ m is not a removable condition. Indeed in Example 4.3 of [CMV12] is
shown a complete non-compact hypersurface Pm in Rm+1 , with m ≥ 3, of finite volume
and mean curvature vector with finite Lp-norm, for any 0 ≤ p < m− 1.
In the particular case of a m-dimensional submanifold in a Cartan-Hadamard ambient
manifold with sectional curvatures bounded from above by a negative constant b, for any
p ≥ 2, and any dimension m of the submanifold , we can obtain lower bounds for the
wb-weighted volume of the submanifold in terms of the wb-weighted Lp-norm of the norm
of the mean curvature vector, being wb the warping function given in remark d, i.e.,
wb =
1√−b sinh(
√−b r) .
In such a setting we can state
Corollary 2.17. Let ϕ : Pm → N be an immersion into a Cartan-Hadamard manifold N
with sectional curvatures KN bounded from above by a negative constant KN ≤ b < 0.
Then for any p ≥ 2,
(1) either
µwb(P )
1
p ≤
‖H‖Lpwb (P )
m
√−b ,
(2) or
µwb(P ) =∞ .
where µwb(P ) is the wb-weighted volume of P , and ‖H‖Lpwb (P ) is the wb-weighted Lp-
norm of the norm of the mean curvature vector, namely
(2.32) ‖H‖Lpwb (P ) =
(∫
P
|H|pdµwb
) 1
p
.
2.2.4. Isoperimetric inequalities on minimal submanifolds. Given a simple close curve C
in the flat plane, bounding a domain D. Denoting by L and A the length of C and the area
of D respectively, the classical isoperimetric inequality states that
4piA ≤ L2 .
For minimal submanifolds P with smooth boundary ∂P lying on a geodesic ball we can
state a similar inequality using the w-weighted volume
Corollary 2.18. Let Pm be a m−dimensional compact manifold with smooth boundary
∂P . Let ϕ : Pm → Nn a minimal immersion into a n−dimensional ambient manifold N
which possesses a pole o ∈ N and its radial sectional curvatures KN at any point p ∈ N
are bounded by above by the radial curvatures Kw of a model space Mnw
KN (p) ≤ KMnw (r (p)) = −
w′′
w
(r (p)) .
Suppose moreover, that w′ ≥ c > 0. ϕ−1(o) ∈ P and ϕ(∂P ) lies in a geodesic sphere
centered at the pole o. Then
(2.33) cmmVm µw(P )m−1 ≤ A(∂P )m ,
where µw(P ) is the w-weighted volume of P , A(∂P ) is the Riemannian area of ∂P and
Vm is the volume of the unit ball in Rm.
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Remark j. Applying the above corollary but using w = wb given in remark d we get, as
a particular case, the isoperimetric inequality of theorem 4 of [CG92]. See also [Pal99]
for an other sort of isoperimetric inequalities on minimal submanifolds properly immersed
into a Cartan-Hadamard ambient manifold.
3. PRELIMINARIES
3.1. Manifold with a pole and extrinsic distance function. We assume throughout the
most part of the paper that ϕ : Pm −→ Nn is an isometric immersion of a complete
non-compact Riemannianm-manifold Pm into a complete Riemannian manifoldNn with
a pole o ∈ N . Recall that a pole is a point o such that the exponential map
expo : ToN
n → Nn
is a diffeomorphism. For every x ∈ Nn−{o} we define r(x) = ro(x) = distN (o, x), and
this distance is realized by the length of a unique geodesic from o to x, which is the radial
geodesic from o. We also denote by r|P or by r the composition r ◦ ϕ : P → R+ ∪ {0}.
This composition is called the extrinsic distance function from o in Pm. The gradients
of r in N and r|P in P are denoted by ∇Nr and ∇P r, respectively. Then we have the
following basic relation, by virtue of the identification, given any point x ∈ P , between
the tangent vector fields X ∈ TxP and ϕ∗x(X) ∈ Tϕ(x)N
(3.1) ∇Nr = ∇P r + (∇Nr)⊥,
where (∇Nr)⊥(ϕ(x)) = ∇⊥r(ϕ(x)) is perpendicular to TxP for all x ∈ P .
Since the manifold with a pole has a well defined radial vector field, we cab define the
radial sectional curvatures.
Definition 3.1. Let o be a point in a Riemannian manifold N and let x ∈ N − {o}. The
sectional curvature KN (σx) of the two-plane σx ∈ TxN is then called a o-radial sectional
curvature of N at x if σx contains the tangent vector to a minimal geodesic from o to x.
We denote these curvatures by Ko,N (σx).
3.2. w−model spaces. The model spaces has two different roles in this paper, the first
of them is the role as an ambient manifold and the second one is as a controller of the
curvature restrictions. The sectional curvatures of a model space can be explicitly obtained
using the warped function w.
Proposition 3.2 (See [GW79, Gri99, O’N83]). Let Mmw be a w−model with center point
ow. Then the ow-radial sectional curvatures of Mmw at every x ∈ pi−1(r) (for r > 0 ) are
all identical and determined by the radial function Kw(r) defined as follows:
(3.2) Kpw,Mw(σx) = Kw(r) = −
w′′(r)
w(r)
.
And the sectional curvatures K(ΠSwr ) of the 2−planes ΠSwr tangents to Swr = pi−1(r) are
equal to
(3.3) K(ΠSwr ) =
1− (w′ (r))2
w(r)
.
We can also explicitly calculate the mean curvature of the geodesic spheres.
Proposition 3.3 (See [O’N83] p. 206). Let Mnw be a w−model with warping function
w(r) and center ow. The distance sphere of radius r and center ow in Mnw, denoted as S
w
r ,
is the fiber pi−1(r). This distance sphere has the following constant mean curvature vector
in Mnw
(3.4) Hpi−1(r) = −n ηw(r)∇Mpi = −n ηw(r)∇Mr ,
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where the mean curvature function ηw(r) is defined by
(3.5) ηw(r) =
w′(r)
w(r)
=
d
dr
ln(w(r)) .
In particular we have for the constant curvature space forms Km(b):
(3.6) ηwb(r) =

√
b cot(
√
b r) if b > 0
1/r if b = 0√−b coth(√−b r) if b < 0 .
The area of the geodesic sphere SwR(ow) of radius R centered at ow is completely deter-
mined via w by the volume of the fiber
(3.7) A(SwR(ow)) = ωn−1w
n−1(R),
And the volume of the corresponding ball BwR(ow), for which the fiber is the boundary
(3.8) V (BwR(ow)) = ωn−1
∫ R
0
wn−1(t)dt,
being ωn−1 in (3.7) and (3.8) the volume of the standard sphere Sn−11 .
3.3. Hessian and Laplacian comparison. The 2.nd order analysis of the restricted dis-
tance function r|P defined on manifolds with a pole is governed by the Hessian comparison
(see [GW79, Theorem A]).
The Hessian of a restricted function in a submanifold and the Hessian of the function in
the ambient space are related by the following proposition
Proposition 3.4. Given an isometric immersion ϕ : Pm → Nn, and given a smooth
function f : N → R, then:
(3.9) HessP (f ◦ ϕ)(X,Y ) = HessN f(X,Y ) + 〈BP (X,Y ),∇Nf〉.
In the case of radial functions of a model space
Proposition 3.5. let Mmw denote a w−model with center ow. Let r : Mnw → R+ denote
the distance function to the center ow. Then for any smooth function F : R→ R,
(3.10)
HessM
n
w F ◦ r(X,Y ) = (F ′′ ◦ r − (F ′ ◦ r) (ηw ◦ r)) 〈X,∇r〉〈Y,∇r〉
+ (F ′ ◦ r) (ηw ◦ r) (〈X,Y 〉) .
Now, we can state a comparison theorem when one of the spaces is a model space Mmw
using [GW79]:
Theorem 3.6 (See [GW79], Theorem A). Let Nn be a manifold with a pole p, let Mmw
denote a w−model with center pw. Suppose that m ≤ n and that every p-radial sectional
curvature at x ∈ N − {p} is bounded from above (or below) by the pw-radial sectional
curvatures in Mmw as follows:
(3.11) Kp,N (σx) ≤ −w
′′(r)
w(r)
(
respectively Kp,N (σx) ≥ −w
′′(r)
w(r)
)
for every radial two-plane σx ∈ TxN at distance r = r(x) = distN (p, x) from p in N .
Then the Hessian of the distance function in N satisfies
(3.12)
HessN (r(x))(X,X) ≥ (≤) HessMmw (r(y))(Y, Y )
= ηw(r)
(
1− 〈∇Mr(y), Y 〉2M
)
= ηw(r)
(
1− 〈∇Nr(x), X〉2N
)
for every unit vectorX in TxN and for every unit vector Y in TyM with r(y) = r(x) = r
and 〈∇Mr(y), Y 〉M = 〈∇Nr(x), X〉N .
JELLETT-MINKOWSKI’S FORMULA REVISITED 13
Hence, from proposition 3.4, proposition 3.5, and theorem 3.6 after few calculations
one obtains
Corollary 3.7. Given an isometric immersion ϕ : Pm → Nn. Suppose again that the
assumptions of Theorem 3.6 are satisfied. Then, for every smooth function f(r) with
f ′(r) ≥ 0 for all r :
(3.13)
∆P (f ◦ r) ≥ (≤) ( f ′′(r)− f ′(r)ηw(r) ) ‖∇P r‖2
+mf ′(r)
(
ηw(r) +
1
m
〈∇Nr, HP 〉
)
,
where HP denotes the mean curvature vector of P in N .
4. PROOF OF THE JELLETT-MINKOWSKI’S GENERALIZED FORMULA (MAIN
THEOREM)
In order to prove the Jellett-Minkowski’s generalized formula we only have to apply
the divergence theorem to an appropriate function. Let us define the following function
F : R+ → R+ given by
(4.1) F (t) :=
∫ t
0
w(s)ds .
Using corollary 3.7
(4.2)
∆PF ≥ (≤)mw(r)
(
ηw(r) +
1
m
〈∇Nr,H〉
)
= (m+ 〈τw, H〉)w′(r) .
Applying the divergence theorem to the domain Ω ⊂ P
(4.3)
∫
∂Ω
〈∇PF, ν〉dA ≥ (≤)mµw(Ω) +
∫
Ω
〈τw, H〉dµw .
Therefore
(4.4)
∫
∂Ω
〈τw, ν〉dσw ≥ (≤)mµw(Ω) +
∫
Ω
〈τw, H〉dµw .
And the theorem follows.
5. PROOF OF COROLLARY 2.2 AND COROLLARY 2.3
Since Σ = ∂Ω (∂Σ = ∅), and Ω is totally geodesic submanifold by the generalized
Jellett-Minkowsi formula
(5.1)
nµw(Ω) =
∫
Σ
〈τw, ν〉dσw ,
(n− 1)σw(Σ) = −
∫
Σ
〈τw, H〉dσw .
From the first line of the above equations
(5.2) nµw(Ω) ≤ max
Σ
|τw|
∫
Σ
dσw = max
Σ
|τw|σw(Σ) ,
And the corollary 2.2 follows. On the other hand, by the second equality of (5.1) if Σ is a
constant mean curvature hypersurface
(5.3) (n− 1)σw(Σ) = h
∫
Σ
〈τw, ν〉dσw = hnµw(Ω) .
And corollary 2.3 is proven.
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6. PROOF OF THE THEOREM 2.5
This proof follows the proof done in [Bre13]. First of all, we need the following
Heintze-Karcher [HK78] inequality
Theorem 6.1 (Heintze-Karcher inequality). Let Mnw be a w−model space with center
ow, positive warping function w and positive derivative w′ on (0,Λ) being Λ the radius
of the model space. Suppose moreover that the warping function satisfies the following
inequalities:
(6.1)
1
w2
−
(
w′
w
)2
≥ −w
′′
w
≥ −w
′′′
w′
,
then in every closed, embedded, orientable and convex mean curvature hypersurface Σ
bounding a domain Ω the following inequality holds
(6.2) (n− 1)
∫
Σ
1
h
dσw ≥ nµw(Ω) .
With equality in 6.2 if Σ is umbilic, and in the particular case when w
′′
w 6= w
′′′
w′ , equality in
6.2 implies that Σ is a sphere centered at ow.
From corollary 2.3 it is clear that if the hypersurface is a constant mean hypersurface
bounding a domain, the surface is mean convex and attains equality in inequality (6.2).
Hence, the only thing to do in order to prove theorem 2.5 is to prove the above theorem.
Remark k. The proof of the above theorem follows from the proof of Theorem 3.5 of
[Bre13]. The only new piece is the condition w
′′
w 6= w
′′′
w′ and its rigidity consequences
arising from remark l. For completeness in order to attain remark l we have to repeat part
of the proof done in section 3 of [Bre13].
Proof. Since w′ > 0 we can use the following conformally modified metric gc = 1w′ gMnw
being gMnw the metric tensor in M
n
w. For each point p ∈ Ω, we denote by u(p) = dgc(p,Σ)
the distance to p from Σ with respect to the metric gc, and we denote by Φ : Σ× [0,∞)→
Ω the normal exponential map with respect to gc. Namely, for each point x ∈ Σ, the curve
t→ Φ(x, t) is a geodesic with respect to gc, and we have
(6.3) Φ(x, 0) = x,
∂
∂t
Φ(x, t)
∣∣∣∣
t=0
= −w′(r(x))ν(x).
Let us define
(6.4)
A := {(x, t ∈ Σ× [0,∞)|u(Φ(x, t)) = t}
A∗ := {(x, t ∈ Σ× [0,∞)| (x, t+ δ) ∈ A for some δ > 0}
Σ∗t = Φ(A
∗ ∩ (Σ× {t}).
We also denote by h and BΣ
∗
t the mean curvature and the second fundamental form of Σ∗t
with respect to the metric gMnw . Hence,
Proposition 6.2 (See proposition 3.2 of [Bre13]). The mean curvature of Σ∗t is positive
and satisfies the differential inequality
∂
∂t
(
w′
h
)
≤ − 1
n− 1 (w
′)2 .
Proof. Since ν = − ∇u|∇u| is the outward-pointing unit normal vector to Σ∗t with respect to
the metric gMnw , by the variation formulas, the mean curvature of Σ
∗
t satisfies the following
equation
(6.5)
∂
∂t
h = ∆Σ∗tw
′ +
(
RiccM
n
w(ν, ν) + ‖BΣ∗t ‖2
)
w′.
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Using proposition 3.4 for any orthonormal basis {ei}n−1i=1 of Σ∗t
(6.6)
∆Σ∗tw
′ =
n−1∑
i=1
HessΣ
∗
t w′(ei, ei)
=
n−1∑
i=1
HessM
n
w w′(ei, ei) +
n−1∑
i=1
〈BΣ∗t (ei, ei),∇Mnww′〉
= ∆M
n
ww′ −HessMnw w′(ν, ν) + 〈H,∇Mnww′〉,
applying proposition 3.5
(6.7)
∆Σ∗tw
′ =w′′′ + (n− 1)w′′ηw −HessM
n
w w′(ν, ν) + 〈H,∇Mnww′〉
=w′
[(
w′′′
w′
− w
′′
w
)(
1− 〈∇Mnwr, ν〉2
)
+
w′′
w
(n− 1)
]
+ 〈H,∇Mnww′〉.
Taking into account that 1− 〈∇Mnwr, ν〉2 ≥ 0 and w′′′w′ ≥ w
′′
w
(6.8)
∆Σ∗tw
′ ≥w′w
′′
w
(n− 1) + 〈H,∇Mnww′〉
=w′
w′′
w
(n− 1)− h〈ν,∇Mnww′〉.
Remark l. If we have equality in inequality (6.8) then
(6.9)
(
w′′′
w′
− w
′′
w
)(
1− 〈∇Mnwr, ν〉2
)
= 0.
In the particular case when w
′′′
w′ 6= w
′′
w we would get
(6.10) 〈∇Mnwr, ν〉2 = 1
In order to make use of equality (6.5) we need estimate RiccM
n
w(ν, ν) and ‖BΣ+t ‖2.
Those estimates are taken care of in the next two lemmas
Lemma 6.3 (From Proposition 3.2). Let Mnw be a w−model space. Suppose that
(6.11)
1
w2
−
(
w′
w
)2
≥ −w
′′
w
,
then for any unit vector ν,
(6.12) RiccM
n
w(ν, ν) ≥ −(n− 1)w
′′
w
.
Lemma 6.4. For any hypersurface S,
(6.13) h2 ≤ (n− 1)‖BS‖2
with equality if and only if S is umbilic.
Applying inequalities (6.8),(6.12) and (6.13) to equality (6.5) we get
(6.14)
∂h
∂t
≥ −h〈ν,∇Mnww′〉+ w′ h
2
n− 1
Therefore
(6.15)
∂
∂t
(
h
w′
)
=
1
w′
∂h
∂t
− h
(w′)2
∂w′
∂t
≥−h
w′
〈∇Mnww′, ν〉+ h
2
n− 1 −
h
(w′)2
∂w′
∂t
.
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A
B
C
FIGURE 1. By equality (6.10) Σ is a sphere or a finite union of spheres,
hence Ω is either a geodesic ball centered at ow ( A ), or a geodesic annu-
lus centered at ow ( B ) or a finite union of annuli (B+C ) or A geodesic
ball centered at ow with a finite union of geodesic annuli centered at ow
(A + B + C ).
By the evolution equation (6.3)
(6.16)
∂w′
∂t
= −w′ν(w′) = −w′〈∇Mnww′, ν〉.
Hence,
(6.17)
∂
∂t
(
h
w′
)
≥ h
2
n− 1 .
And the proposition follows. 
Following the proof of [Bre13, Theorem 3.5] consider the quantity
(6.18) Q(t) = (n− 1)
∫
Σ∗t
w′
h
dA.
Therefore we can use a similar proposition to proposition 3.4 in [Bre13]
Proposition 6.5.
(6.19) Q(0)−Q(τ) ≥ n
∫
u≤τ
w′dV.
Letting τ →∞ in the above proposition,
(6.20)
(n− 1)
∫
Σ
1
h
dσw = (n− 1)
∫
Σ∗t
w′
h
dA
= Q(0) ≥ n
∫
u<∞
w′dV = n
∫
Ω
w′dV
= nµw(Ω).
And the inequality (6.2) follows.
Observe that equality in (6.2) implies equality in (6.13) and hence umbilic submanifold.
If moreover we assume w
′′′
w′ 6= w
′′
w equality in (6.2) implies equality (6.10). If Σ has k > 0
connected components Σ1, · · · ,Σk, each one is a sphere centered at ow. Hence, Ω is of
one of the following types (see figure 1):
(1) A geodesic ball centered at ow.
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H
H
ν
ν
FIGURE 2. The product h = −〈ν,H〉 is not constant in the boundary of
an annulus centered at the center of the model.
(2) A finite union of geodesic annuli centered at ow.
(3) A geodesic ball centered at ow with a finite union of geodesic annuli centered at
ow.
But we can prove that Ω does not contain annuli. Because, if Ω contains an annulus
since ηw > 0, H is always pointing to ow (see proposition 3.3) and the unit normal ν is
always pointing outward to Ω, therefore the product h = −〈ν,H〉 has to be not constant
(see figure 2) in contradiction to the assumption of constant h.
Thus finally, Ω is a ball and Σ is a sphere centered at ow.

7. PROOF OF COROLLARY 2.8
By the Cheeger inequality (see [Cha84, theorem 3, chapter IV])
(7.1) λ1(Ω) ≥ 1
4
(
inf
O⊂Ω
A(∂O)
V(O)
)2
,
where O ranges on the open subdomains of Ω. By the isoperimetric inequality (2.16)
(7.2)
λ1(Ω) ≥ 1
4
(
inf
O⊂Ω
ωn−1w(Rad(V(O))n−1
V(O)
)2
=
1
4
(
inf
O⊂Ω
I(V(O))
)2
.
Taking into account that I is non-increasing and V(O) ≤ V(Ω), the corollary follows.
8. PROOF OF COROLLARY 2.10
For any p > 0, we use the density dµw to define the Lpw(Ω)-space, by declaring a
measurable function f to be an element of Lpw(Ω) if the integral
(8.1)
(∫
Ω
|f |pdµw
)1/p
is finite. The Lpw(Ω)-norm of f , ‖f‖Lpw(Ω), is given by the above expression. Ho¨lder’s
inequality states that for p, q > 1 satisfying
(8.2) 1/p+ 1/q = 1 ,
one has for φ ∈ Lpw(Ω), ψ ∈ Lqw(Ω) ,
(8.3)
∫
Ω
|φψ|dµw ≤ ‖φ‖Lpw(Ω)‖ψ‖Lqw(Ω) .
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Now, from the Jellett-Minkowski’s generalized formula we get
(8.4) sup
Ω
|τw|σw(∂Ω) ≥ mµw(Ω)− sup
Ω
|τw|
∫
Ω
|H|dµw.
Applying the Ho¨lder inequality to the last integral in the above inequality
(8.5) sup
Ω
|τw|σw(∂Ω) ≥ mµw(Ω)− sup
Ω
|τw|
(∫
Ω
|H|kdµw
)1/k
µw(Ω)
k−1
k ,
and the corollary follows.
9. PROOF OF COROLLARY 2.11
Applying corollary 2.10 to the setting of corollary 2.11 (namely w(t) = t, dµ = dV )
we obtain
(9.1) Ik(Ω) ≥ mV(Ω)
1/k
R
−
(∫
P
|H|kdV
)1/k
Taking into account the definition of Ik and the isoperimetric profile, the corollary follows.
10. PROOF OF COROLLARY 2.15
Since P has non-shrinking property, there exist ρ such that for any o ∈ P
(10.1) V (Bρ(o)) >
(
R
m
)k ∫
P
|H|kdV +  ,
for some  > 0.
Therefore, by inequality (9.1)
(10.2) Ik,ρ(P ) > 0 .
Applying now [CF91, Theorem 5 and inequality (15)] the corollary is proven.
11. PROOF OF COROLLARY 2.18
The first thing to do in order to prove the corollary 2.18 is to study the behavior of
the volume of the extrinsic balls. Recall that an extrinsic ball DR(o) centered to the pole
o ∈ N and with radius R is the sublevel set of the extrinsic distance function. Namely,
(11.1) DR(o) = ϕ−1
(
BNR (o)
)
,
being BNR the geodesic ball of N of radius R centered at the pole o ∈ N . Note that we can
construct the order-preserving bijection
F : R+ → R+ t→ F (t)
given by equation (4.1).
Since ϕ : P → N is a minimal immersion into a manifold with a pole N , applying
equation (4.2) we have
(11.2) ∆PF ◦ r ≥ mw′ ◦ r .
Taking into account that w′ > 0, by the maximum principle there exist RT such that
(11.3) P = DRT (o) .
Now we need the following monotonicity formula
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Proposition 11.1. Under the assumptions of corollary 2.18, the function f : R+ → R+
given by
(11.4) f(R) :=
µw(DR)
w(R)m
,
is a nondecreasing function of R, and
(11.5) f(R) ≥ cVm .
Proof. Using theorem 1 taking into account that P is minimal and ∂DR lies in a geodesic
sphere of N of radius R, we obtain
(11.6) mµw(DR) ≤ 1
ηw(R)
σw(∂DR) .
By the coarea formula we get
(11.7) σw(∂DR) ≤ d
dR
µw(DR) .
Therefore, using inequalities (11.6) and (11.7) together
(11.8)
d
dR
ln (µw (DR)) ≥ d
dR
ln (w (R)
m
) .
Hence, we obtain the desired monotonicity formula. Observe also that
(11.9) lim
R→0
µw(DR)
w(R)m
≥ lim
R→0
c
V (DR)
w(R)m
≥ cVm .
And the proposition follows. 
On the other hand, from inequality (11.6)
(11.10) σw(∂DR) ≥ mµw(DR)ηw(R) .
But taking into account the definition of the extrinsic ball and w-weighted area, and using
the above proposition
(11.11)
A(∂DR) ≥ m
w(R)
µw(DR) = m
(
µw(DR)
w(R)m
) 1
m
µw(DR)
1−1/m
≥m (cVm)
1
m µw(DR)
1−1/m .
Hence, finally the corollary follows changing R by RT in the above inequality.
12. PROOF OF COROLLARY 2.17
Applying inequality (8.5) to the extrinsic ballDR taking into account that supDR |τw| ≤
1√−b we get
(12.1) mµw(DR) ≤ σw(∂DR)√−b +
1√−b
(∫
DR
|H|pdµw
)1/p
µw(DR)
p−1
p ,
by inequality (11.7),
(12.2) m
√−b− ‖H‖Lpw(P )µw(DR)
−1
p ≤ d
dR
lnµw(DR) ,
Given R0 > 0, for any R ≥ R0
(12.3) m
√−b− ‖H‖Lpw(P )µw(DR0)
−1
p ≤ d
dR
lnµw(DR) ,
If the submanifold has finite volume, there exist a divergent sequence {Ri}∞i=1 such that
(12.4) m
√−b− ‖H‖Lpw(P )µw(DR0)
−1
p ≤ lim sup d
dR
lnµw(DRi) = 0.
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And therefore the corollary follows letting R0 tend to infinity.
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